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Abstract
We reinvestigate the twisted N = 4 supersymmetry present in Schwarz type topological
field models. We show that Chern-Simons theory in three dimensions can be untwisted to a
kind of sigma-model with reversed statistics only in the free case. By dimensional reduction
we define then the two-dimensional BF-model. We establish an analog result concerning
the untwisting. As a consequence of the definition through dimensional reduction we find
new fermionic scalar symmetries that have been overlooked so far in the literature.
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1 Introduction
Topological field models have been a subject of high interest in the last years. One of the
highlights is the presence of a particular kind of supersymmetry. The supercharges in the
conventional case transform as spinors under the rotation group. In topological models however,
they transform as scalar and vectors, giving rise to an algebra of the form
{s, δµ} = ∂µ . (1)
This is usually called topological supersymmetry.
There are two different kinds of topological field theories. The first one is called Witten-type,
and the prime example is topological Yang-Mills theory in four dimensions [1]. Here one starts
with N = 2 super Yang-Mills theory. The N = 2 superalgebra has an SU(2)left ⊗ SU(2)right ⊗
SU(2)I automorphism algebra. The rotation group SO(4) is given by the product of the first
two SU(2) factors and SU(2)I is an internal symmetry. The supercharges transform as (
1
2
, 0, 1
2
)
and (0, 1
2
, 1
2
). In the topologically twisted theory one takes as a new rotation group the diagonal
subgroup of SU(2)left ⊗ SU(2)I times SU(2)left. The supercharges transform as (0, 0), (3, 0)
and (2, 2) under this new rotation group. The singlet is a fermionic, nilpotent symmetry and
constitutes a part of the BRS-operator of the theory. Together with the vector [2] it gives rise
to an algebra of the form (1).
The other kind of topological field theory is called Schwarz-type. Here one starts with a
Lagrangian that is an n-form, such that it can be integrated over a n-dimensional manifold
without the need of a metric. Examples are Chern-Simons theories in (2m+1) dimensions and
BF-models in arbitrary dimensions. The Lagrangian typically has a gauge symmetry. So upon
quantization one is forced to introduce a gauge fixing a` la BRS. The action is written as an
invariant part plus the gauge fixing part. The gauge fixing part depends on the metric and can
be written as a BRS-variation. It turns out then, that the gauge fixing procedure gives rise to a
fermionic vector symmetry that together with the BRS-operator obeys an algebra of the form
(1). This vector supersymmetry has also played an important role in the algebraic study of field
theories [3]. In particular it has given rise e.g. to a finiteness prove of Chern-Simons theory [4].
In Schwarz-type topological models the algebra (1) does not come through a twisted super-
symmetric structure but rather expresses the triviality of translation as a consequence of the
topological nature of the theory. Nevertheless it can sometimes be completed to an extended
(twisted) supersymmetry. We will demonstrate this on the example of Chern-Simons theory.
Using the fact that the gauge fixing term can not only be written as a BRS-variation but
also as an anti-BRS-variation we derive a twisted N = 4 algebra in gauge fixed Chern-Simons
theory. With somewhat different methods this result has been established also in [5]. Then
we investigate the possibility of defining Chern-Simons theory as a topological field theory of
Witten-type4. This means that we look for a kind of sigma-model action whose topologically
twisted version is gauge fixed Chern-Simons theory. We find that this is possible only in the
case with vanishing interaction terms. The two-dimensional BF-model is then defined through
dimensional reduction from the Chern-Simons action. In this way we are also able to establish
a twisted N = 4 supersymmetry for this model. As part of this we find two new fermionic,
nilpotent (pseudo-)scalar symmetries, that have been overlooked so far in the literature. We
also investigate the question of untwisting two-dimensional BF-model finding again that it is
possible only in the non-interacting case.
4Often the action of Witten-type models can be written as a BRS-variation. This is not always so as the
example of the twisted sigma-model in three dimension as defined in [6] shows.
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2 The N = 4 supersymmetry algebra in D = 3
The N = 4 supersymmetry algebra in Euclidean D = 35, assuming a priori the absence of
central charges, is given by :
{Q AA¯α , Q BB¯β } = 2iǫABǫA¯B¯σµαβ∂µ . (2)
On this algebra acts an SU(2)Spin⊗SU(2)I ⊗SU(2)II . The supercharges transform as (12 , 12 , 12).
Spinor indices are denoted by Greek letters (α, β, γ, δ = 1, 2), and the isospin indices for SU(2)I
by capital Latin letters, the ones for SU(2)II by capital, barred Latin letters. The algebra
can be obtained by dimensional reduction of the N = 2 algebra in four dimensions. Let us
describe now how the topological twist acts. We chose as the new rotation group the diagonal
subgroup of SU(2)Spin ⊗ SU(2)I . For practical purposes this is done by identifying the capital
Latin indices with the Greek indices A→ α, · · ·. So the indices for the new rotation group are
also denoted by Greek letters. The Euclidean space indices are denoted by the Greek letters
(µ, ν, ρ, σ = 1, 2, 3). When we decompose the generators of (2) into irreducible representations
of the new rotation group with can define the operators sA¯ and δA¯µ :
sA¯ =
(
s
s¯
)
≡ 1
2
δ βα Q
A¯ α
β (2 d.f. from Tr(Q
A¯)) ; (3.a)
δA¯µ =
(
δ¯µ
δµ
)
≡ − i
2
σ βµα Q
A¯ α
β (6 d.f. from Tr(σµQ
A¯)) . (3.b)
The definitions given above (eqs.(3.a–3.b)) together with the algebra (2) (considering the con-
ventions presented in the Appendix), yield the anticommutation relations displayed below :
{sA¯, sB¯} = 0 , {sA¯, δB¯µ } = −ǫA¯B¯∂µ and {δA¯µ , δB¯ν } = ǫA¯B¯εµνρ∂ρ , (4)
which give the following algebra :
{s, s} = {s¯, s} = {s, s¯} = {s¯, s¯} = 0 ;
{s, δµ} = ∂µ , {s, δ¯µ} = 0 ;
{s¯, δµ} = 0 , {s¯, δ¯µ} = −∂µ ;
{δµ, δν} = 0 , {δµ, δ¯ν} = εµνρ∂ρ ;
{δ¯µ, δν} = −εµνρ∂ρ , {δ¯µ, δ¯ν} = 0 . (5)
As it will be shown afterwards, the algebra (5) fulfilled by the operators s, s¯, δµ and δ¯µ, is
exactly the same satisfied by the BRS and the anti-BRS (BRS) operators, together with their
respectives topological vector supersymmetries, in the case of the Chern-Simons model in a
three-dimensional Euclidean space.
Now, it is possible to write the supercharges QA¯ βα in terms of s, s¯, δµ and δ¯µ. By solving
the equations (3.a) and (3.b), it is easily shown that the generators Q+ βα and Q
− β
α read
Q+ βα = δ
β
α s+ iσ
β
µα δ¯µ =⇒ Q+ = 1 s+ iσµδ¯µ , (6.a)
Q− βα = δ
β
α s¯+ iσ
β
µα δµ =⇒ Q− = 1 s¯+ iσµδµ . (6.b)
5For conventions and notations adopted throughout the work see the Appendix.
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In a further Section it will be seen that, in the case of Chern-Simons, the supersymmetry charges
Q+ and Q− have the ghost numbers +1 of the BRS operator (s) and −1 of the BRS operator (s¯).
Therefore, it means that, in the case of Chern-Simons, these supersymmetry generators relates
fields (in a non-linear way) with ghosts numbers differed by a unity. It should be stressed that the
Chern-Simons model has actually a N = 4 supersymmetry, but in this case the “superpartners”
are not related anymore by a half spin, in fact, they are related by a unity of ghost number.
3 The operators Q+ and Q− in topological models
In this Section, we consider the inverse problem by supposing a topological model (Chern-
Simons, as a particular case) which the BRS, the BRS and their respectives topological sym-
metries satisfy the algebra given by eq.(5).
3.1 The inverse problem
Assuming the algebra (5) and defining the Q+ and Q− operators as in eqs.(6.a–6.b), it can be
easily checked that their anti-commutation relations read
{Q+, Q+} = 0 and {Q−, Q−} = 0 ; (7.a)
{Q+, Q−} =
[
i(1 ∧ σµ)∂µ + 1
2
(σµ ∧ σν)εµνρ∂ρ
]
= −2iǫγδσµαβ∂µ , (7.b)
{Q−, Q+} = −
[
i(1 ∧ σµ)∂µ + 1
2
(σµ ∧ σν)εµνρ∂ρ
]
= 2iǫγδσµαβ∂µ , (7.c)
where the N = 4 supersymmetry charges Q+ and Q− are nilpotent operators with ghost
numbers +1 and −1, respectively. Therefore, a two new nilpotent operators appear, in a natural
way, as a by-product of the topological nature of a model and its N = 4 supersymmetry.
3.2 The Chern-Simons model
Here, our goal, is to show that the Chern-Simons model has a N = 4 supersymmetry as a
consequence of being a topological model, as well as, to find its untwisted version with the help
of the nilpotent operators (6.a–6.b).
The Chern-Simons action is given by
ΣCS =
k
4π
Tr
∫
d3x εµνρ
(
Aµ∂νAρ +
2
3
AµAνAρ
)
, (8)
where the parameter k is quantized [1] and Aµ is a Lie algebra valued gauge field, as well as all
the fields we shall introduce later on. Denoting such a generic field by φ, we define
φ(x) ≡ φa(x)τa , (9)
where the matrices τ are the generators of the group and obey
[τa, τb] = fabcτc and Tr(τaτb) =
1
2
δab . (10)
The gauge transformations read
δAµ = −(∂µω + [Aµ, ω]) ≡ −Dµω , (11)
3
with ω ≡ ωaτa. The gauge group is chosen to be simple and compact. These transformations
change the integrand of the action (8) into a total derivative, leaving thus the action invariant
if there are no boundary contributions and if the topology is trivial [1].
The gauge fixing is of the Landau-type. It is implemented by adding to the gauge invariant
action (8) the term
Σgf = Tr
∫
d3x (b ∂µAµ + c¯ ∂µDµc) , (12)
where the Lie algebra valued fields c, c¯ and B, are the ghost, the antighost and a Lagrange
multiplier, respectively.
The gauge fixing action (12) can also be written either as a BRS-variation or as a BRS-
variation :
Σgf =


s Tr
∫
d3x (c¯ ∂µAµ)
−s¯ Tr
∫
d3x (c ∂µAµ) .
(13)
Therefore, the action Σ
(3)
inv = ΣCS +Σgf is invariant under the following BRS and BRS transfor-
mations :
sAµ = −Dµc , s¯Aµ = −Dµc¯ ,
sc = c2 , s¯c¯ = c¯2 ,
sc¯ = b , s¯c = {c¯, c} − b ,
sb = 0 , s¯b = [c¯, b] .
(14)
Since the action Σ
(3)
inv depends on the metric only through the gauge fixing part (13), which
is a BRS or a BRS-variation, the energy-momentum tensor will be a BRS or a BRS-variation
as well :
Tµν =
2√
g
δΣgf
δgµν
∣∣∣∣∣
gµν=δµν
=


sΛµν
s¯Λ¯µν .
(15)
Beyond the original topological vector supersymmetry (δµ) associated to the BRS symmetry [7,
5], from eq.(15), we can infer about the existence of another topological vector supersymmetry
associated to the BRS symmetry (δ¯µ), since, due to the gauge fixing (13), the energy-momentum
tensor can also be written as a BRS-variation. By using the same approach to the usual
case6[3], it can be found that the action Σ
(3)
inv is invariant under the following topological vector
supersymmetries :
δµAν =
2π
k
εµνρ∂ρc¯ , δ¯µAν =
2π
k
εµνρ∂ρc ,
δµc = −Aµ , δ¯µc¯ = Aµ ,
δµb = ∂µc¯ , δ¯µb = Dµc ,
δµc¯ = 0 , δ¯µc = 0 .
(16)
It should be stressed that the BRS (s) and the BRS (s¯), eq.(14), together with their re-
spectives topological vector supersymmetries (δµ) and (δ¯µ), eq.(16), form the algebra given by
eq.(5), which closes up to contact-terms.
6For details concerning the topological vector supersymmetry see [3, 8, 9] and references therein.
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3.3 Untwisting Chern-Simons
Given the fact that the Chern-Simons model with Landau-type gauge fixing posses a twistedN =
4 supersymmetry it is tempting to speculate if it can be defined as a topological model of Witten-
type. This would imply that there exists a kind of sigma-model with N = 4 supersymmetry,
whose twisted version would be the gauge-fixed Chern-Simons action. Actually it would be a
sigma-model of reversed statistics, since the scalar fields should be related to the ghosts of the
Chern-Simons theory. On the other hand the spinor fields would be bosons since they should,
after twisting, give the gauge field Aµ. Such a spinor field can be defined using the bosonic
fields of the gauge-fixed Chern-Simons model as follows 7:
χ Aα =
1
2

δ Aα
√
2π
k
b− iσ Aµα
√
k
2π
Aµ

 ,
b =
√
k
2π
Tr(χ) and Aµ = i
√
2π
k
Tr(σµχ) . (17)
According to our index conventions it is made explicit that we take χ to transform as (1
2
, 1
2
) under
the SU(2)Spin⊗SU(2)I whereas b and Aµ transform as a singlet and a triplet under the diagonal
subgroup. Of course this is precisely how the topological twist works in three dimensions. Let
us study now a kinetic term making the SU(2)Spin ⊗ SU(2)I ⊗ SU(2)II structure of the N = 4
algebra explicit. Demanding invariance under this product group fixes the kinetic terms to be
Skin = Tr
∫
d3x
(
iǫAB χ
A
ασ
αβ
µ ∂µχ
B
β +
1
2
ǫA¯B¯c
A¯∂2cB¯
)
, (18)
where we defined cA¯ = (c¯, c). Using (17) one sees that this indeed reproduces the terms con-
taining derivatives of the Chern-Simons action. In particular we also obtain the gauge fixing
term b∂µAµ ! Non-Abelian Chern-Simons theory also contains interaction terms. The question
is now if one can also obtain these Chern-Simons interactions from the twisted version of some
interactions between the spinors χAα . From the form of the interaction
Sint = Tr
∫
d3x
[
k
6π
εµνρAµAνAρ + c¯ ∂µ ([Aµ, c])
]
(19)
it is clear that one will need the product of three χAα ’s to produce the term with three gauge
fields. Let us concentrate now on the SU(2)Spin-group, under which χ transforms as spin
1
2
representation. The product of three of these fields transforms as 1
2
⊗ 1
2
⊗ 1
2
which decomposes
as 3
2
⊕ 1
2
⊕ 1
2
. Notice that there is no scalar part in this decomposition. This means that we can
not form a term invariant under rotations with three spinors. This would be needed however
to write down an interaction term corresponding to the Chern-Simons interaction. A similar
consideration applies to the SU(2)I symmetry. This argument shows that it is impossible to
untwist Chern-Simons theory. Several remarks are in order now. The possibility of untwisting
Chern-Simons based on the twisted N = 4 algebra has been considered before in [11]. There
7We think of the fields corresponding to differentialforms as being complexified. This is necessary since in
three dimensions with Euclidean-signature we do not have Majorana spinors. As explained in [10] going from the
untwisted to the twisted form of the Lagrangian also includes a restriction to real fields. Similarly, after defining
the (untwisted) spinor fields we could go to Minkowski-signature and declare the spinors to be Majorana. Here
we take the twist as a rather formal manipulation and ignore these subtelties in the following.
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the authors started however with a three dimensional N = 4 sigma-model with conventional
statistics. The twist had to be supplemented by a change of statistics of the fields and the
substitutions of an ǫAB instead of an δAB in the kinetic term of the fermions. As was shown here it
is much more natural to start from the beginning with a sigma-model of reversed statistics since
one automatically deals then with the “correct” kinetic term for the spin 1
2
fields. Furthermore,
in [11] the non-Abelian interaction terms have not been addressed. On the other hand we
could give a fairly general group-theoretical argument showing that it is in fact impossible to
obtain non-Abelian Chern-Simons theory by twisting some kind of sigma-model action. More
generally, the study of sigma-models with reversed statistics might be an interesting area for
future research. Of course the actual sigma-model should then not be taken seriously as a
starting point for quantization. What we have in mind is that the topologically twisted versions
of such sigma-models could give interesting analogs of Chern-Simons theory in three dimensions.
4 The dimensional reduction to D = 2
In this Section we perform a dimensional reduction a` la Scherk of the algebra presented in Section
2 as well as the Chern-Simons model and its symmetries displayed in Section 3. In the latter
case, such a dimensional reduction gives rise to the BF-model in D = 2 and its respectives
symmetries. A new hidden symmetry of the BF-model arises as a direct consequence of the
dimensional reduction of the topological vector supersymmetry generator.
4.1 Dimensional reducing the algebra
By dimensional reducing the twisted algebra (2) giving
{QA¯ γα , QB¯ δβ } = 2iǫγδǫA¯B¯σmαβ∂m , (20)
(m = 1, 2), the operators (3.a–3.b) turn out to be
sA¯ =
(
s
s¯
)
≡ 1
2
δ βα Q
A¯ α
β (2 d.f. from Tr(Q
A¯)) ; (21.a)
δA¯m =
(
δ¯m
δm
)
≡ − i
2
σ βmαQ
A¯ α
β (4 d.f. from Tr(σmQ
A¯)) ; (21.b)
ζ A¯ =
(
ζ¯
ζ
)
≡ − i
2
σ
β
3α Q
A¯ α
β (2 d.f. from Tr(σ3Q
A¯)) . (21.c)
The operators (21.a–21.c) together with the supersymmetry algebra (20) yield the following
anticommutation relations :
{sA¯, sB¯} = 0 , {sA¯, ζ B¯} = 0 and {sA¯, δB¯m} = −ǫA¯B¯∂m ;
{ζ A¯, ζ B¯} = 0 , {ζ A¯, δB¯m} = ǫA¯B¯εmn∂n and {δA¯m, δB¯n } = 0 , (22)
that lead to the algebra displayed below
{s, s} = {s¯, s} = {s, s¯} = {s¯, s¯} = 0 ;
{s, ζ} = {s, ζ¯} = {s¯, ζ} = {s¯, ζ¯} = 0 ;
6
{s, δm} = ∂m , {s, δ¯m} = 0 ;
{s¯, δm} = 0 , {s¯, δ¯m} = −∂m ;
{ζ, ζ} = {ζ, ζ¯} = {ζ¯ , ζ} = {ζ¯ , ζ¯} = 0 ;
{ζ, δm} = 0 , {ζ, δ¯m} = εmn∂n ;
{ζ¯ , δm} = −εmn∂n , {ζ¯ , δ¯m} = 0 ;
{δm, δn} = {δm, δ¯n} = {δ¯m, δn} = {δ¯m, δ¯n} = 0 . (23)
Now, in two dimensions, the supercharges Q+ and Q− read
Q+ = 1 s+ iσ3ζ¯ + iσmδ¯m and Q
− = 1 s¯+ iσ3ζ + iσmδm , (24)
where it can be checked with the help of the algebra (23) that Q+ and Q− satisfy the N = 4
supersymmetry algebra (20).
4.2 The BF-model in D = 2 and its new symmetries
The dimensional reduction a` la Scherk of the Chern-Simons action (8) to D = 2 is achieved by
assuming that
Aµ(x)
DR−→ (Am(xˆ), φ(xˆ)) where


xµ , µ = 1, 2, 3
xˆm , m = 1, 2 ,
(25)
with φ being a real scalar and εmn3 ≡ εmn. Since we are adopting the trivial dimensional
reduction, the derivative, ∂3, of all fields vanishes, ∂3F = 0. Therefore, the following action
stems
ΣBF =
k
4π
Tr
∫
d2xˆ εmnFmnφ , (26)
with Fmn = ∂[mAn] + [Am, An].
Now, let us perform the dimensional reduction of the gauge fixing (12), by assuming a curved
three-dimensional manifold described by the metric tensor gµν(x) which determinant is denoted
by g, it follows that
gµν(x)
DR−→ (gmn(xˆ), vm(xˆ), ϕ(xˆ)) , (27.a)
g = gˆ(ϕ− vmvm) , (27.b)
where gˆ is the determinant of the two-dimensional metric gmn. The reduced gauge fixing in a
curved two-dimensional space read
Σgf =


s Tr
∫
d2xˆ
√
gˆ(ϕ− vkvk) gmn c¯ (vm∂nφ+ ∂mAn)
−s¯ Tr
∫
d2xˆ
√
gˆ(ϕ− vkvk) gmn c (vm∂nφ+ ∂mAn) .
(28)
Thus, from the energy-momentum tensor (15)
Tµν
DR−→ (Tmn, Tm, T ) where


Tmn =
2√
g
δΣgf
δgmn
∣∣∣ ϕ=1
vm=0
= sΛmn = s¯Λ¯mn
Tm =
2√
g
δΣgf
δvm
∣∣∣ ϕ=1
vm=0
= sΛm = s¯Λ¯m
T = 2√
g
δΣgf
δϕ
∣∣∣ ϕ=1
vm=0
= 0 ,
(29)
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such that
Λmn = −Tr c¯ [δmn∂lAl − (∂mAn + ∂nAm)] , (30.a)
Λ¯mn = Tr c [δmn∂lAl − (∂mAn + ∂nAm)] , (30.b)
Λm = 2 Tr c¯∂mφ , (30.c)
Λ¯m = −2 Tr c∂mφ . (30.d)
The action Σ
(2)
inv = ΣBF+Σgf is invariant under the following BRS and BRS transformations:
sAm = −Dmc , s¯Am = −Dmc¯ ,
sφ = −[φ, c] , s¯φ = −[φ, c¯] ,
sc = c2 , s¯c¯ = c¯2 ,
sc¯ = b , s¯c = {c¯, c} − b ,
sb = 0 , s¯b = [c¯, b] ,
(31)
where Dm· ≡ ∂m · +[Am, ·]. From (30.a–30.b) it can be found that the action Σ(2)inv is invariant
under the following topological vector supersymmetries :
δmAn = 0 , δ¯mAn = 0 ,
δmφ = −2πk εmn∂nc¯ , δ¯mφ = −2πk εmn∂nc ,
δmc = −Am , δ¯mc¯ = Am ,
δmb = ∂mc¯ , δ¯mb = Dmc ,
δmc¯ = 0 , δ¯mc = 0 .
(32)
It should be stressed that beyond the usual topological symmetries (32) the action Σ
(2)
inv is also
invariant under a new hidden “gauge” symmetry, a “topological pseudo-scalar supersymmetry”,
obtained from (30.c–30.d)
ζAm =
2π
k
εmn∂nc¯ , ζ¯Am =
2π
k
εmn∂nc ,
ζφ = 0 , ζ¯φ = 0 ,
ζc = −φ , ζ¯c¯ = φ ,
ζb = 0 , ζ¯b = [φ, c] ,
ζ c¯ = 0 , ζ¯c = 0 .
(33)
All the symmetries displayed above in (31), (32) and (33), satisfy the algebra (23) up to
contact terms. These symmetries of the two-dimensional BF-model Σ
(2)
inv (including the new one
(33)) could be gotten simply by dimensional reducing the symmetries of the original Chern-
Simons model Σ
(3)
inv (given by eqs. (14) and (16)).
4.3 Untwisting the BF-model
In order to investigate the possibility of untwisting the two-dimensional BF-model we find it
convenient to introduce complex coordinates
(
z
z¯
)
=
1
2
(
1 i
1 −i
)(
x1
x2
)
. (34)
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The gauge fixed BF-model can then be written as
Σ
(2)
inv = Tr
∫
d2z
(
χ∂¯Az + χ¯∂Az¯ +
2π
k
(χ¯− χ)[Az, Az¯] + c¯∂∂¯c+ 1
2
{c, ∂c¯}Az¯ + 1
2
{c, ∂¯c¯}Az
)
,
(35)
where we introduced χ = b
2
+ i k
4π
φ. In two dimensions the rotation group is Abelian. The ad-
vantage of working with (35) is that all the fields have definite spin eigenvalues. The topological
twist consists now of just adding the spin eigenvalues and the eigenvalues of the fields under
the Cartan generators of the SU(2)I ⊗ SU(2)II . The question if one can untwist the BF-model
boils down then to the question of which spin eigenvalues one can assign to the fields. Let us
concentrate again for a moment on the kinetic term alone. Since (∂, ∂¯) have spin (1,−1) and
the Lagrangian should of course have spin zero we see that we can assign spin eigenvalues to χ
and Az such that
spin(χ) + spin(Az) = 1 . (36)
We also demand spin(χ) = −spin(χ¯) and spin(Az¯) = −spin(Az). ¿From the interaction terms
we get the equations
spin(χ) + spin(Az) + spin(Az¯) = spin(χ¯) + spin(Az) + spin(Az¯) = 0 . (37)
These equations together with analogous ones including (c, c¯) tell us that the only possible spin
assignments are the ones which we have in the original BF-model namely spin(χ,Az, c, c¯) =
(0, 1, 0, 0). If the interaction terms vanish however we can in particular assign spin 1
2
to (Az, χ).
The action is then the one for a linear sigma-model with reversed statistics in two dimensions.
Analogous to what we had in the case of the three-dimensional Chern-Simons theory we find
again that we can untwist only the non-interacting theory.
5 Conclusions
We reinvestigated the twisted N = 4 supersymmetry present in the three-dimensional Chern-
Simons theory and the two-dimensional BF-model with Landau-type gauge fixing. We could
show that it is impossible to untwist the non-Abelian theories. For the Abelian case we also
showed that some puzzles concerning the untwisting procedure can be avoided by choosing an
approach through sigma-models with reversed statistics in comparison to the G-twist of [11].
For the two-dimensional BF-model we established new fermionic (pseudo-)scalar symmetries (ζ ,
ζ¯) who together with the BRS, anti-BRS and the respective fermionic vector supersymmetries
(δµ, δ¯µ) give rise to the twisted N = 4 algebra. We expect these symmetries to be useful in the
investigation of possible counterterms as e.g. in [12]. Finally one could imagine also to apply
the methods presented here to higher-dimensional analogs of BF- and Chern-Simons models as
recently investigated in [13].
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A Notations and conventions for the Euclidean D=3
Throughout this work the metric is assumed to be Euclidean, δµν = diag(+,+,+), µ, ν=(1,2,3).
The Dirac 2×2 γ-matrices are in fact the Pauli σ-matrices that satisfy the Clifford algebra
{σµ, σν} = 2δµν1 =⇒ {σµ, σν} βα = 2δµνδ βα , (1)
are as follows
σµ ≡ σ βµα = (σ1, σ2, σ3) , (2)
where the Pauli matrices read
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. (3)
Some useful relations involving the σ-matrices, their traces (Tr) and the ε-tensor used in the
calculations are given by :
σµσν = δµν1 + iεµνργρ =⇒ σ βµα σ γνβ = δµνδ γα + iεµνρσ γρα ; (4.a)
Tr(σµσν) = 2δµν =⇒ σ βµα σ ανβ = 2δµν ; (4.b)
εµνκεµσρ = δσνδρκ − δρνδσκ . (4.c)
The spinor indices are raised and lowered according to the rules
Xα = ǫαβXβ and Xα = X
βǫβα , (5)
with the ǫαβ tensor defined by
ǫαβ =
(
0 1
−1 0
)
and ǫαβ =
(
0 −1
1 0
)
, (6)
where the following relation comes
ǫαβǫγδ = δ
α
γ δ
β
δ − δ αδ δ βγ . (7)
Other important identities follow8
A
[β
[α B
δ]
γ] = −
1
2
ǫβδA ǫ(αBγ)ǫ , (8.a)
(1 ∧ σµ) β δα γ ≡ δ [β[α σ δ]µγ] = −
1
2
ǫβδδ ǫ(ασµγ)ǫ = −ǫβδσµαγ , (8.b)
(σµ ∧ σν) β δα γ ≡ σ [βµ[α σ δ]νγ] = −
1
2
ǫβδσ ǫµ(ασνγ)ǫ = −iǫβδεµνρσραγ . (8.c)
8It should be noticed that the symmetrizations ( ) and antisymmetrizations [ ] are just related to the spinor
indices (α, β, γ, δ) without a factor 1
2
.
10
References
[1] E. Witten, Commun. Math. Phys. 121 (1989) 351.
[2] A. Brandhuber, O. Moritsch, M. W. de Oliveira, O. Piguet and M. Schweda, Nucl.
Phys. B431 (1994) 173, hep-th/9407105.
[3] O. Piguet and S.P. Sorella, “Algebraic Renormalization”, Lecture Notes in Physics, m28,
Springer-Verlag, Berlin, Heidelberg, 1995.
[4] A. Blasi and R. Collina, Nucl. Phys. B345 (1990) 472;
F. Delduc, C. Lucchesi, O. Piguet and S.P. Sorella, Nucl. Phys. B346 (1990) 313;
C. Lucchesi and O. Piguet, Nucl. Phys. B381 (1992) 281.
[5] F. Delduc, F. Gieres and S.P. Sorella, Phys. Lett. B225 (1989) 367.
[6] L. Rozansky and E. Witten, “Hyper-Ka¨hler Geometry and Invariants of Three-Manifolds”,
hep-th/9612216.
[7] D. Birmingham and M. Rakowski, Mod. Phys. Lett. A4 (1989) 1753;
D. Birmingham, M. Rakowski and G. Thompson, Nucl. Phys. B329 (1990) 83.
[8] O. Piguet, “On the role of vector supersymmetry in topological field theories”, preprint
UGVA-DPT 1995/02-880, hep-th/9502033, talk given at the “XV Encontro Nacional de
F´ısica de Part´ıculas e Campos”, October 1994, Angra dos Reis, Brazil.
[9] C.A.G. Sasaki, S.P. Sorella, O.S. Ventura and L.C.Q. Vilar, J. Math. Phys. 39 (1998) 848,
hep-th/9706133.
[10] M. Marin˜o, “The Geometry of Supersymmetric Gauge Theories in Four Dimensions”, hep-
th/9701128.
[11] R. Brooks, J.-G. Demers and C. Lucchesi, Nucl. Phys. B415 (1994) 353, hep-th/9308127.
[12] R. Leitgeb, M. Schweda and H. Zerrouki, “Finiteness of 2D topological BF-theory with
matter coupling”, TUW-98-02, submitted to Nucl. Phys. B.
[13] L. Baulieu, A. Losev and N. Nekrasov, “Chern-Simons and Twisted Supersymmetry in
Various Dimensions”, hep-th/9707174;
L. Baulieu and P. West, “Six-Dimensional TQFTs and Twisted Supersymmetry”, hep-
th/9805200.
11
